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ADMINISTRIVIA

=Final project presentation: 11/24 (Wed)

= Signup sheet on slack

=All coursework due on 11/26 (Fri)







Using the Borsuk—Ulam Theorem

=Topological methods in
combinatorics and geometry

Jiti Matousek
Using the

Borsuk-Ulam
Theorem
Lectures on Topological Methods
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BORSUK-ULEM THEOREM ov 1000

Every map f: * — R has a point x where
f(x) = f(-x)




G 1= fm - fa-vo

EQUIVALENT FORMULATIONS
VX —feo = AL

=Every map f: §* — R® that 1s antipodal has a point x where f(x) = 0
S’)j W —g(x*‘\ =ﬂ(->{*>=«f§(£‘3 RN —S&x*) -

= There is no antipodal map g; §* — §*! < - T° ‘\<X5“\\gma\
6:S—BD\A‘§\\@ Vs %Mvﬁs —y

=There is no map h: D» — S*! that is antipodal on oD



hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x



TUCKER’S LEMMR [Tucker 1946] [Lefschetz 1949]
Every [+d]-labeled triangulation of D? antipodal on hdry (G &)
contains an edge with complementary labels =



hcsoso x



LUSTERNIK-SCHNIRELMANN THEOREM  woccrni scnmietman

If 5" 1s covered by n+1 closed sets U, ...,U .,
at least one set U. contains a pair of antipodal points



PROOF OF LUSTERNIK-SCHNIRELMANN THEOREM.
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FAKE PROOF oOF
BORSUK-ULAM

- Every antipodal map £
3" — R™ has a point x
where f(x) = 0
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HAM SENDWICH THEOREM  (ooncch 10561 (stone Tukey 1042

R ham sandwich has a straight cut that
divides the ham and two breads evenly
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NECKLACE SPLITTING THEOREM  mon viect 106

Every (open) necklace with d colors of jewels can he
divided between two thieves using at most d cuts







KNESER CONJECTURE

=Kneser graph KG ,

= Vertices: k-subsets of [n]
=Edges: (U,V) adjacent if U and V are disjoint

= KNESER CONJECTURE.
X(EG,) =n-2k+2 forn=>2k-1
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Note
Kneser’s Conjecture, Chromatic Number, and Homotopy

L. LovAsz
Bolyai Institute, Jozsef Attila University,
H-6720 Szeged, Aradi vértanuk tere 1, Hungary
Communicated by the Editors

Received March 4, 1977

If the simplicial complex formed by the neighborhoods of points of a graph is
(k — 2)-connected then the graph is not k-colorable. As a corollary Kneser’s
conjecture is proved, asserting that if all n-subsets of a (2n — k)-element set are
divided into k£ + 1 classes, one of the classes contains two disjoint n-subsets.

LOVASZ-KNESER THEOREM  trovece 1978) (Bariny 1678) (Greene 2002
X(KG,,) = n—2k+2 for n > 2k—1




UPPER BOUND.
=X(U) = min{ min U, n-2k+2 }

2\<-41 JL/\WMT S,
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LOWER BOUND. (ovasz 1978] [Greene 2002]

=Put n points on $¢ in general position X for d = n-2k+1
=Fix a proper d-coloring of KG,,
=Define sets A, ..., A, K;,, on §¢

= Point x in A, 1if open hemisphere centered at x contains a k-tuple of X with color 1

m Ad+1 = §0\ (AI! ""Ad) 1elf.d)

5 b\\,) L%\d\/\w\. S AL Qites X . K

Q /A\S.g( COVTB’\N\Q K~\7< 7
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GALE'S LEMMA. 2k-+d points X can he put on ¢ such that
every open hemisphere contains at least k points from X

[Gale 1956]




LOWER BOUND. marény 1975)

=Put n points on $¢ in general position X for d = n-2k by Gale’s Lemma
=Fix a proper (d+1)-coloring of KG,,
=Define sets A, ..., A, K;,, on §¢

= Point x in A, 1if open hemisphere centered at x contains a k-tuple of X with color 1

g




STRENGTHENING

=Schrijver graph 86,

= Vertices: independent k-subsets of [n]
=Edges: (U,V) adjacent if U and V are disjoint

= SCHRIJVER’S THEOREM.
X(86,,) =n-2k+2 forn > 2k




GALE'S LEMMA. 2k-+d points X can he put on ¢ such that
every open hemisphere contains k independent points in X

[Gale 1956]
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THE END IS NEVER THE END IS NEVER THE END IS NEVER THE END IS NEVER THE

END IS NEVER THE END IS NEVER THE END IS NEVER THE END IS NEVER TH @



