
HSIEN-CHIH CHANG
LECTURE 18, NOVEMBER 16, 2021



▪Final project presentation:  11/24 (Wed)
▪ Signup sheet on slack

▪All coursework due on 11/26 (Fri)





▪Topological methods in 
combinatorics and geometry

JiříMatoušek



Every map f: Sn → Rn has a point x where 
f(x) = f(-x)

[Borsuk 1933]



▪Every map f: Sn → Rn that is antipodal has a point x where f(x) = 0

▪There is no antipodal map g: Sn → Sn-1

▪There is no map h: Dn → Sn-1 that is antipodal on ∂Dn
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Every [±d]-labeled triangulation of Dd antipodal on bdry
contains an edge with complementary labels

[Tucker 1946] [Lefschetz 1949]

hcsoso x




If Sn is covered by n+1 closed sets U1, …, Un+1, 
at least one set Ui contains a pair of antipodal points

[Lusternik-Schnirel’man 1930]



PROOF OF LUSTERNIK-SCHNIRELMANN THEOREM.  
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• Every antipodal map f: 
Sn → Rn has a point x 
where f(x) = 0
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A ham sandwich has a straight cut that 
divides the ham and two breads evenly

[Banach 1938] [Stone-Tukey 1942]



Every (open) necklace with d colors of jewels can be
divided between two thieves using at most d cuts

[Alon-West 1986]





▪Kneser graph KGn,k

▪Vertices:  k-subsets of [n]

▪ Edges:  (U, V) adjacent if U and V are disjoint

▪KNESER CONJECTURE.
χ(KGn,k) = n − 2k + 2   for n ≥ 2k − 1
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χ(KGn,k) = n−2k+2   for n ≥ 2k−1

[Lovász 1978] [Bárány 1978] [Greene 2002]



UPPER BOUND.  

▪χ(U) = min{ min U,  n−2k+2 }
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LOWER BOUND.   [Lovász 1978] [Greene 2002]

▪Put n points on Sd in general position X for d = n−2k+1

▪Fix a proper d-coloring of KGn,k

▪Define sets A1, …, Ad, Ad+1 on Sd

▪ Point x in Ai if open hemisphere centered at x contains a k-tuple of X with color i

▪ Ad+1 = Sd \ (A1, …, Ad)
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GALE’S LEMMA. 2k+d points X can be put on Sd such that 
every open hemisphere contains at least k points from X

[Gale 1956]



LOWER BOUND.   [Bárány 1978]

▪Put n points on Sd in general position X for d = n−2k by Gale’s Lemma

▪Fix a proper (d+1)-coloring of KGn,k

▪Define sets A1, …, Ad, Ad+1 on Sd

▪ Point x in Ai if open hemisphere centered at x contains a k-tuple of X with color i

▪ Ad+1 = Sd \ (A1, …, Ad)



▪Schrijver graph SGn,k

▪Vertices:  independent k-subsets of [n]

▪ Edges:  (U, V) adjacent if U and V are disjoint

▪SCHRIJVER’S THEOREM. 
χ(SGn,k) = n − 2k + 2   for n ≥ 2k



GALE’S LEMMA. 2k+d points X can be put on Sd such that 
every open hemisphere contains k independent points in X

[Gale 1956]
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