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▪Homework β is out, due 11/15



▪Simplicial homology group 

Hn(X) = Zn(X) / Bn(X) 
= ker ∂n / im ∂n+1

= Cycles/Boundaries





▪Betti numbers βn:  dim Hn(X)

▪THEOREM.  Betti numbers for 3d complex can be computed in linear* time.
[Delfinado-Edelsbrunner 1995]
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χ(X) = Σn (-1)n • dim Hn(X)

[Liu-Zhang-Chien-Soloman-Bommes 2018]
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PROOF OF EULER-POINCARÉ THEOREM.
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Every map f: Dn → Dn has a fixed point

[Bohl 1904] [Brouwer 1909]



PROOF OF BROUWER FIXED-POINT THEOREM.  
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▪… → An+1 → An → An-1 → … is exact if

▪ ker αn / im αn+1 for all n
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▪Cn(X, A) = Cn(X) / Cn(A)

▪∂n: Cn(X, A) → Cn-1(X, A)

▪THEOREM.  If A is a closed subcomplex of X, then 

Hn(X, A) = Hn(X/A)  if n>0.
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▪∂*: Hn(X, A) → Hn-1(A)

A → X → (X, A)
i j
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… → Hn(A) → Hn(X)→ Hn(X, A)→ Hn-1(A) → …

is an exact sequence

[Hurewicz 1941]

i* j* ∂*
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FOOD FOR THOUGHT.
Hmm.  Is this actually a math course in disguise? (Yes.)





Every properly [d]-colored triangulation of Δd

contains a simplex with all the colors

[Sperner 1928] [Knaster–Kuratowski–Mazurkiewicz 1929]



PROOF OF 2D SPERNER’S LEMMA.  



Every map f: Sn → Rn has a point x where 
f(x) = f(-x)

[Borsuk 1933]



▪Every map f: Sn → Rn that is antipodal has a point x where f(x) = 0

▪There is no antipodal map g: Sn → Sn-1

▪There is no map h: Dn → Sn-1 that is antipodal on ∂Dn



A ham sandwich has a straight cut that 
divides the ham and two breads evenly

[Banach 1938] [Stone-Tukey 1942]



PROOF OF HAM SANDWICH THEOREM.  
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Every (open) necklace with d colors of jewels can be
divided between two thieves using at most d cuts

[Alon-West 1986]



PROOF OF NECKLACE SPLITTING THEOREM.  
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A spicy fat chicken can be cut into p pieces,
each with equal amount of meat and spice

[Karasev-Hubard-Aronov 2014]



NEXT TIME.
More homology in action, on data analysis


