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▪Homework β will be out soon

▪Remember to submit your project proposal!





▪π1(Σ(g,0)) = ⟨a1, b1, …, ag, bg | a1b1a1b1…agbgagbg ⟩

▪π1(Σ(0,r)) = ⟨a1, …, ar | a1a1…arar ⟩



Checking if a 2-complex has trivial π1 is undecidable

[Novikov 1955] [Boone 1958]

[Collins 1986]





▪⟨a1, b1, …, ag, bg | a1b1a1b1…agbgagbg ⟩

▪ℤ⟨a1, b1, …, ag, bg⟩ / ⟨a1+b1 - a1 - b1… ⟩
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• Two “cycles” are 
homologous if together 
they are the boundary 
of some region
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▪Vector spaces over elements

▪0-complex

▪1-complex

▪2-complex

▪…
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▪∂n: Cn(X) → Cn-1(X)
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∂•∂ = 0
“Boundary of a region must be boundaryless”



PROOF OF ∂•∂=0.  
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▪Cycle space Zn(X) = ker ∂n

▪Boundary space Bn(X) = im ∂n+1
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▪Simplicial homology group 

Hn(X) = Zn(X) / Bn(X) 
= Cycles/Boundaries





• Hn(X) = Zn(X) / Bn(X)
= ker ∂n/im ∂n+1
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FOOD FOR THOUGHT.
What do vector spaces give us?



• Hn(X) = Zn(X) / Bn(X)
= ker ∂n/im ∂n+1
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▪Fast computation

▪Functoriality:

▪ f: X→Y implies f*: Hn(X) → Hn(Y) for all n

▪ (f•g)* = f*•g*,  id* = id,  ∂•f*= f*•∂, …

▪Invariance:

▪ f, g: X→Y homotopic implies f* = g*

▪…



“Homology group has everything you want from 
Christmas.”

[Eilenberg-Steenrod 1945]
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• What is H1(SO3)?
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• What is H1(SO3)?

• Given κ: S1
N → SO3,

is there s: SO3 → S1
N,

such that s•κ = id?
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▪Betti numbers βn:  dim Hn(X)



χ(X) = Σn (-1)n • dim Hn(X)



PROOF OF EULER-POINCARÉ THEOREM.



ON THURSDAY.
Homology in action.
(Optional: homology groups has internal structures.)


