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GOAII: r_DIVISION [Frederickson 1989] [Klein-Mozes-Sommer 2012]

=Decompose the plane graph G into roughly equal size piée\ces
N

= each piece has size <r
= #pieces at most O(n/1)
= #houndary vertices per piece < 0(r'/?)
=((1) holes per piece
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SEPARATOR

=l separator 1s a vertex subset C such that (uivtonTasjan 1979

< 1C] < 0”3 N we @) > Ry
=6-C=ARuUBand |A,|B|] <3n/4

’ W) = ¢
= can be vertex-weighted! ?}q N

=(Cycle separator: vertices of C forms a simple cycle
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CYCLE SEPARRTOR THEOREM [Miller 1986] [Har-Peled Nayyeri 2018]
Cycle separator can bhe found in O(n) time




FINDING CYCLES

= Compute BFS tree Ty

=lievel of a triangle face: max among levels of three vertices

=R_.: region with face levels at most 1

«LEMMA. Boundaries of R_; are pairwise disjoint simple cycles C.
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FINDING SEPARATOR

=Find fundamental cycle separator cycle(Tyy, uv); reroot to lca(u,v)

«LEMMA. cycle(Tgp, uv) Intersects each C; at most twice
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FiNDING CYCLE SEPARATOR
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EFFICIENT r-DIVISION (oo
r-division can bhe computed in O(n) time




To GET r-DIVISION

=Iteratively find cycle separators. At level i

=If 1 mod 3 = 0: Separate vertices evenly
=If 1 mod 3 = 1. Separate boundary vertices evenly
=If 1 mod 3 = 2: Separate holes evenly




22

&
To GET r-Drvision o/

=Iteratively find cycle separators. At level i

=If 1 mod 3 = 0: Separate vertices evenly
=If 1 mod 3 = 1. Separate boundary vertices evenly
=If 1 mod 3 = 2: Separate holes evenly

=Hvertices, #bdry vertices, #£holes all decrease by 0(1) factor after 3 levels

=0(n log (n/1)) time naively; dynamic tree to the rescue

@



TOOLBOX T0O BE BUILT

= Multiple-source shortest paths xein2008] [Cabeio-Chambers Erickson 2013]

=Cycle separator decomposition/r-division [rrederickson 1989] [Klein Mozes Sommer 2012]




MASTER PLEN FOR MIN-CUT ALGORITHM

=Compute r-division for plane graph 6 \%%
=Compute APSP between bdry vertices per piece using MSSP

=Replace each piece with a complete graph on hdry vertices

Compute n/log n parallel shortest pa &ths for Reif's

‘%\v\b SSP & \a:(L PPN

By
;V &‘ ,%»S\P j@{g <
N
n TQ - Y\VQ C g QS%TOV‘V\
“ ! 1 @



hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x



e W s %z
Vi

. & e & ER WK By o
AW H Seadly I N B -
'.' - ‘m" M Xy ) ary,
h Lo . q o 5. 1
e o 2 T i A i ]
W = T e gl
i W R W i W R i W

JUST ENJOY THE BREAK.






RPSP DiSTANCE Ar

=Distance matrix

=four vertices s,, ..

St Gy

S Sy

D: k-by-k array where each entry
D[1, )] = dyls; Sj)
., §; around P satisfies cyclic Monge Property puonge 17811

dp(S;, §5) + dp(Sy, S9) < dplSy, S5) + dpl(Sy, S4)
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MONGE PROPERTY oo e
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LEMMA. Matrix D decomposes into two Monge matrices.

A

—

Y




SMAWK Blgorithm (22
All row-wise minimum elements of a
k-by-k Monge matrix can be found in O(k) time




Row-MINIMUM IN MATRIX D

=Distance matrix D: k-by-k array where each entry
D[1, J] = dyls;, )

«Minimum element in row I min, dyfs; s)
= Shortest “edge” going to vertex s
A SY)
(\
=Search matrix M[ij]=D[ij]+c(j) for row-minimums

v

SO’V

S
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Newly
activated

MoNGE HERP e

=Representation of matrix M, supporting

= FINDMIN(): smallest visible element in M
= REVEAL(j, x): reveal column j by setting c(j) to x
= HIDE(1): hide row 1

-
-

L]

CI%]C__]

Reveal(3) Hide(5)

1
[_]




FR- D I]I{S TR A [Fakcharoenphol-Rao 2001]
A FR=Vrystaa —
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ANRLYSIS OF FR- DI]KSTRK
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BNALYSIS FOR FAST MIN-CUT ALGORITHM

= Compute r-division for plane graph G O )
=Compute APSP hetween bdry vertices per piece using MSSP O(Y\%\Q
=Replace each piece with Monge heaps on bdry vertices Q(\\&QS\»)

=Compute n/log n parallel shortest paths using FR-Dijkstra O(%Ay)

=Recursion as in Reif

s [rRsg v Hsst St (Zg%h\ O(hj—&a\ﬂ

@(V\ihgrB + Q(’&Y\iﬂ%’\s = Q(V\&%ng\\ ®
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UNDER THE RuG

e

[ HH
H T

=Monge heap only works for Monge matrix

= Multiple holes
=1-division needs to respect strips

=Degenerate strips

=Actual shortest path needed from Dijkstra to cut
=((1)-degree assumptions W

. @
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PL AN AR EMUL ATﬁRS [Chang-Ophelders 2020] [Chang-Krauthgamer-Tan 2022]

Every piece with k bdry vertices has
(1) an exact planar emulator of size k2 or
(2) an planar ¢-emulator of size O(k polylog k/¢)




MULTIPLE-SOURCE £-SHORTEST PATHS ichono ceoutngumer an =

B <

¢-MSSP problem can be solved i O(n log™ n) time



BNALYSIS FOR FASTER MIN-CUT ALGORITHM

=Compute r-division for plane graph G
- Compute APSP between hdry vertices per piece using MSSP () (- 3y )

=Replace each piece with Monge heaps on bdry vertices

=Compute n/log n parallel shortest paths using FR-Dijkstra
=Recursion as in Reif QL{&\,\

O(nsjr) + Ol 9 ) = = O(r @) o
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NEXT TIME:
Homology: a better tool to classify spaces



