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ADMINISTRIVIA

=Homework 3 1s out, due 10/25 (Mon)

=(Optional Final Project:

= Project proposal is due 10/18 (Mon)
= Presentation during finals week (likely to be 11/23 (Tue))
= Project report due 11/29 (Mon)







Minmvum CUT IN E GREPH

=Given undirected graph G with positive edge-weights
and two vertices s and t, find a minimum-weight edge cut
separating s and t




Minmvum CUT IN PLANAR GRAPH

=Given undirected planar graph G with positive edge-weights
and two vertices s and t, find a minimum-weight edge cut
separating s and t

{edge cuts} < {circuit = union of cycles}

min (s,t)-cut < minimum cycle separating s™ and t*




HOMOTOPIC CYCLE!




OBSERVATIONS

=Shortest cycle C must pass through any path m from s* to t* Lt

=Cycle C mtersects m at one segment if m 1s shortest
d_cd_\:uo 1& T W §\ANT</$§ —“en Ca W cd( o~ QS\M»;(
Xi. Cow of 22 Sﬁwﬂs, <
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Improved Algorithms for Min Cut and Max Flow in
Undirected Planar Graphs
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ABSTRACT

We study the min st-cut and max st-flow problems in pla-
nar graphs, both in static and in dynamic settings. First,
we present an algorithm that given an undirected planar
graph and two vertices s and ¢ computes a min st-cut in
O(nloglogn) time. Second, we show how to achieve the
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Categories and Subject Descriptors
G.2.2 [Graph Theory]|: Graph algorithms

General Terms

Algorithms, Theory

PRSTER PLANBR MIN“CUT [Italiano-Nussbaum-sSankowski-Wulff-Nilsen 201 1]
Planar min-cut can he computed in O(n loglog n) time
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TOOLBOX T0O BE BUILT

= Multiple-source shortest paths xein2008] [Cabeio-Chambers Erickson 2013]

=Cycle separator decomposition/r-division [rrederickson 1989] [Klein Mozes Sommer 2012]
=Monge heap/dense distance graph (rogerwal Kiawe Moran ShorWilber 1987]

o FR-Dijkstra [Fakcharoenphol-Rao 2001]

0 Mﬂnge emulator [Chang-Ophelders 2020] [Chang-Krauthgamer-Tan 2022]




T e T SONES LR e )
A PR FEAGE
AT KB & e R
X i, e A
R v E Yy P o
L 185 5 , wats (A3 o
LA o e B - _
VT ; 33 W ] HE “;n
o . i o E W :
[ o 2% N Y AR o

PHILOSOPHICAL (UESTION:
Why do we care about shaving logs?






MSSP PROBLEM DEFINITION

=Given a planar directed graph 6 with and sources all on
the outer-face, and edges weights w: E(6) — R,

=Compute shortest paths between every source s and
every vertex x

= Represented implicitly




MULTIPLE-S0URCE SHORTEST PATHS (.o 0o

MSSP problem can be solved in O(n log n) time,
such that each distance can be queried in O(log n) time \&&57




DiSK-TREE LEMMA. For any spanning tree T and tree-edge e,
the boundary vertices in components of T-e are consecutive.
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CoRoLLARY. Let T, ..., T, be shortest path trees in sequence.
Then any edge x—y helongs to a consecutive interval of
shortest-path trees: T;, ..., T;\; o i

Ty e ok e oo o
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PAREMETRIC SHORTEST PATHS

=Shortest path tree pivots as one moves the source




=d, (x): distance from s to x under w,
slacky(x-y) = d(x) + wlx-y) - dy(y)

OBSERVATION. Any shortest-path tree has

=non-negative slack on all darts
=zero slack on tree darts
=positive slack on non-tree darts




=l vertex x 1s

=red 1f dy(x) goes up as A goes up
= blue 1f d,(x) goes down as A goes up

IC SHORTEST PATHS

=Dart x—y Is active if
= slack, (x—Yy) goes dwn as A goes up

= dx0)+ W k&%\p — chwp
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RED-BLUE LEMMA. For any A:

=All vertices behind u are red
= All vertices in front of v are blue
=Xy active 1f x blue and y red

COROLLARY.
Active darts form dual path m between o™ and p*.

COROLLARY.
The min-slack active dart on m, 1s the next pivot.




MSSP RLGORITHM
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[MPLEMENTATION AND ANALYSIS

=Implement tree-cotree using dynamic tree data structure
= Splay tree into link-cut tree [Sleator-Tarjan 1982-1985]

= Persistent data structure [Driscoll-Sarnak-Sleator-Tarjan 1989] "
0 B "4

= Summary: ' <

= O(n) pivots (by disk-tree lemma)
= Correctly identify next pivot (by red-blue lemma)
= O(log n) amortized update time (by data structure magic)

=Thus O(n log n) time in total




NEXT TIME:
Two more tools from the toolbox
assemble our faster min-cut algorithm



