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ADMINISTRIVIA

=Homework a 1s out, due 11/15 (end of term)







LAST TIME oN ALGEBRAIC TOPOLOGY

=[y] 15 the class of closed paths homotopic to y in space X

(X, x,) = {[v] : closed path y in X starting and ending at x, }







EQUIVALENCE

= Homeomorphism

= f: X — Y continuous bijection
=:Y — X continuous bijection
=feg =1d
=gef=1d

=Homotopy equivalence

= f: X — Y continuous

= .Y — X continuous
= f « g homotopic to 1dy
= g * f homotopic to 1dy




e e < Homoropy
EQUIVALENCE

T Sy V{’( K
s Yok =369
: o A > S”

A
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HOMOTOPY
EQUIVALENCE

e &0 €D




VISUALIZATION
EXERCISE

- Complement of circles
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- Complement of circles
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- Complement of
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VISUALIZATION
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- Complement of
linked circles
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VISUALIZATION
EXERCISE

- Complement of Klein hottle




VISUALIZATION
EXERCISE

Q - Complement of Klein bottle




VISUALIZATION
A EXERCISE

- House with two rooms




HomoTorY # HOMOTOPY EQUIVALENCE

= Homotopy: = Homotopy Equivalence:
Morph within the same space Morph between 1dentity and
maps between two spaces




WHERE IS THE HoMOTOPY?

=Retraction

X —> A
'1‘|A=idﬂ

=Inclusion

=Deformation retract
f: X — X
£ (X) = &
£, = id,
- f, = id

= Homotopy from idy to r <1




WHERE IS THE HOMOTOPY EQUIVALENCE?

=Retraction

X —> A
'1‘|A=idﬂ

=Inclusion

'i'l‘:idﬂ

= * 1 homotopic to 1d,

= Through deformation retract from X to A
= homotopy from idy to r « i




PROPOSITION. Deformation retract provides homotopy
equivalence between space X and subspace A.




VIETORIS-SMALE MEPPING THEOREM rvicons 1067 (smate

If : X — Y is surjective and proper, and
all preimage f'(y) is contractible,
then X and Y are homotopically equivalent.
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F00D FOR THOUGHT.
Does trivial T, imply contractibility?






INDUCED HOMOMORPHISM

=$: X — Y mduces §-: (X, xp) — (Y, dlxy))
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PROPOSITION. @-- 1S a group homomorphism.




LEMMA. Retraction from X to A induces an injective
Inclusion map 1. w;(R) — 1(X).

vt 4 —= L Q7 = A
O 2 (M)~ T(S") e TS D = T
fber°81~%81 = gt Gﬂﬂ%: IS

\A_(gj — (™MD ‘_3T¢( S D (_‘Q‘S%*
o — Z )A



hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x


hcsoso x



LEMMA. Deformation retract from X to A induces an
1somorphism 1.: ;(A) — m;(X).

Yt —= Q" L QY= A
Uk 2 (M) =l Si) Vo ® TE_(SL )— TL(MB
Wu?ﬁ«—c"‘

v itH=H = Wy (‘f‘i))*:\(*'i*

M) —TEH =Y = W),

W —> L A ®
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THEOREM. Homotopy equivalence induces group
Isomorphism on T,




2D BROUWER FIXED-POINT THEOREM  imon 1904 mrowwer 1500
Every map from a disk to itself has a fixed point (ke




PROOF OF 2D BROUWER FIXED-POINT THEOREM.
-&S\A\wq —gt_ﬁL G T M h: ©—=

W= £ X TReD

\)&M X2 D—B&L 12 QD
By \owon, b, e T MR
(\DQC&\M;& Y % a @:ﬁ‘?’«t%)

:b*‘ > TQ_(SL§ —> T:LCD)
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T, (GRAPH)
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FUNDAMENTAL GROUPS OF SURFACES

g-g7g"g

T, (2(g,0) = (a, by, ..., 3, b, | abapb,...ahahb, )
(

T, (E00)=(a,...,a | aa,...aa )
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WHAT ABOUT
PUNCTURES?




FUNDAMENTAL GROUPS OF 2-COMPLEX

*;(Z) = (CIF)
= (: cotree edges
= [ faces




< a,b,c,d,e,p,q,fr,t,k ‘
10

pa = ap, pacqr = rpcaq, ra = ar,
p'0b = bp, p’adqg’®r = rp*dag?, rb = br,

pc = ep, p3begir = rp3ebg?, rc = cr,

p'0d = dp, p*bdg*r = rp*dbg?, rd = dr,

p'e = ep, p’ceq’r = rp°ecaq®, re = er,

aq'’ = qa, pPdeq®r = rpPedbq®, pt = tp,

bg'’ = gb, pedeq’r = rpledeeq”, qt = tq,

cq'" = qe, peadqdr = rpfaded,

dg'" = qd, p°da®q®r = rp°a3q’,

eq'? = ge, a3ta’k = ka3ta® ) [Collins 1986]

UNDECIDABILITY OF Tl; Diovikoy 1956) Boone 1958]
Checking 1f a 2-complex has trivial m, 1s undecidable




CHOOSE YOUR OWN ADVENTURE:
more (A)lgorithms on curve homotopy, or
something (B)etter than fundamental groups



