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▪Homework α is out, due 11/15 (end of term)





▪[γ] is the class of closed paths homotopic to γ in space X

π1(X, x0) = {[γ] : closed path γ in X starting and ending at x0}





▪Homeomorphism
▪ f: X → Y continuous bijection

▪ g: Y → X continuous bijection

▪ f • g = idX

▪ g • f = idY

▪Homotopy equivalence
▪ f: X → Y continuous 

▪ g: Y → X continuous

▪ f • g homotopic to idX

▪ g • f homotopic to idY
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• Complement of circles
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• Complement of circles



• Complement of 
linked circles



• Complement of 
linked circles
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• Complement of Klein bottle



• Complement of Klein bottle



• House with two rooms



≠ H

▪Homotopy:
Morph within the same space 

▪Homotopy Equivalence:
Morph between identity and 
maps between two spaces



▪Retraction
▪ r: X → A

▪ r|A = idA

▪Inclusion
▪ i: A→ X

▪ i|A = idA

▪Deformation retract
▪ ft: X → X

▪ f1(X) = A

▪ ft|A = idA

▪ f0 = idX

= Homotopy from idX to r • i



▪Retraction
▪ r: X → A

▪ r|A = idA

▪Inclusion
▪ i: A→ X

▪ i|A = idA

▪i • r = idA

▪r • i homotopic to idX

▪ Through deformation retract from X to A 

= homotopy from idX to r • i



PROPOSITION.  Deformation retract provides homotopy 
equivalence between space X and subspace A.



If f: X→ Y is surjective and proper, and 
all preimage f-1(y) is contractible, 

then X and Y are homotopically equivalent.

[Vietoris 1927] [Smale 1957]



FOOD FOR THOUGHT.
Does trivial π1 imply contractibility?





▪φ: X→ Y  induces  φ*: π1(X, x0)→ π1(Y, φ(x0))
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PROPOSITION.  φ* is a group homomorphism.



LEMMA.  Retraction from X to A induces an injective 
inclusion map i*: π1(A)→ π1(X).
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LEMMA.  Deformation retract from X to A induces an 
isomorphism i*: π1(A)→ π1(X).
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THEOREM.  Homotopy equivalence induces group 
isomorphism on π1.



Every map from a disk to itself has a fixed point

[Bohl 1904] [Brouwer 1909]



PROOF OF 2D BROUWER FIXED-POINT THEOREM.  
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▪π1(Σ(g,0)) = ⟨a1, b1, …, ag, bg | a1b1a1b1…agbgagbg ⟩

▪π1(Σ(0,r)) = ⟨a1, …, ar | a1a1…arar ⟩
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▪π1(Σ) = ⟨C|F⟩
▪ C: cotree edges

▪ F: faces

▪π1(Σ) is independent to the choice of G



Checking if a 2-complex has trivial π1 is undecidable

[Novikov 1955] [Boone 1958]

[Collins 1986]



CHOOSE YOUR OWN ADVENTURE:
more (A)lgorithms on curve homotopy, or
something (B)etter than fundamental groups


