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ADMINISTRIVIA

=Homework a will be out later today.




HOMOTOPY

=Homotopy of closed curves
ES O -F Heod=Y1 H(e, ) =Yz

=Homotopy of two functions f and g from X to Y N
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HomoToPY TESTING

=Cut surface into polygonal schema

=Keep track of how the curve
crosses the cuts
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HomoToPY TESTING

=Cut surface into polygonal schema

=Keep track of how the curve
crosses the cuts

=Reduce the crossing sequence




LEMMA. Every crossing sequence reduces uniquely.
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PROPOSITION. Two curves are homotopic 1f and only if
they share the same reduced crossing sequence.
C
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THEOREM. Homotopy testing between two k-edge
planar polygonal curves takes O(n log n + nk) time.




OBSERVATIONS

—

=System of loops are enough
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A 2/
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OBSERVATIONS

=Triangulation doesn’t matter; replace it with punctures

a C e
\/ \ \/ \/ \/ vV
A partition of R? \ S into vertical slabs
and a loop with crossing sequence
AbcDeffeDcbbcDEFgGFEDCDA. ,‘






PUNNEL BLGORITHM [Tompa 1981] [Chazelle 1982] [Lee-Preparata 1984]

Given a k-edge path m in a simple polygon,
find the shortest path homotopic to m takes O(nk) time
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EXTENDING
FUNNEL
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CONTRACTING
FUNNEL
X)) amertizesd .
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PUNNEL BLGORITHM [Leiserson-Maley 1985] [Hershberger-Snoeyink 1994] N

Given a k-edge path m in a polygon with obstacles,
find the shortest path homotopic to m takes O(nk) time
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COVERING SPACE

=Space 2’ and local homeomorphism p: ' — Z

= For every point x in Z, there’s an open disk U, such that
p'(U) is a union of disjoint open disks,
each maps homeomorphically unto U, by p




COVERING SPACE

=Space 2’ and local homeomorphism p: ' — Z

= For every point x in Z, there’s an open disk U, such that
p'(U) is a union of disjoint open disks,
each maps homeomorphically unto U, by p




COVERING SPACE

=Space 2’ and local homeomorphism p: ' — Z

= For every point x in Z, there’s an open disk U, such that
p'(U) is a union of disjoint open disks,
each maps homeomorphically unto U, by p

= Universal cover Z

) - .
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LIFTING
E PATH
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PROPOSITION. Two paths are homotopic if and only if
their hifts start and end at the same endpoints In Z.




FUNDAMENTAL GROUP

=[y] 15 the class of closed paths homotopic to y In space Z

.T[l(za ZO) -

{[v]: closed path y in Z starting and ending at z,}




PROPOSITION. T,(Z, Z) 1S @ group.

(1o lyads= [\Y‘ -\p\
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PROPOSITION. T, (Z, 2)) = ,(Z, Z,) as groups.

3, @ [@ — -r?‘o{“mx
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RELATION BETWEEN TWO NOTIONS

.T[l(za ZO) -

{[v]: closed path y in Z starting and ending at z,}

Ry,

A4

IZ:

{[v]: pathy In Z starting at z,}
)J’YB f&\lzm ‘ ?“(’25\-_ ?C(] Cé@ffk ( ™ ¥ ng\\ X JMAM\ 0‘{%7&
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THEOREM. T;(8) =
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EXERCISE:
T, (2-L00PS)




EXERCISE:
T, (2-L00PS)




THINGS UNDER THE RUG

=For covering spaces to exist, space Z has to he

= path-connected
= Jocally path-connected
= semilocally simply-connected




NEXT TIME.
Fundamental group m,(X) is a
homotopy invariant of X.



INDUCED HOMOMORPHISM

«:X — Y induces ¢ (X, x;) — 1(Y, d(x;)




INDUCED HOMOMORPHISM

=$: X — Y mduces §-: (X, xp) — (Y, dlxy))




PROPOSITION. @-- 1S a group homomorphism.




= Homeomorphism

= f: X — Y continuous bijection
=g:Y — X continuous hijection
«feg=1dy
=g f=1d

=Homotopy equivalence

= f: X — Y continuous bijection
=:Y — X continuous hijection
= f « g homotopic to 1d,
= ¢ * f homotopic to 1d,




HOMOTOPY
EQUIVALENCE




HOMOTOPY

/i;(: - House with two rooms
N
- =7




THEOREM. Homotopy equivalence induces group
Isomorphism on T,




