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▪Thanks for all the feedback!







折り紙

[秋里籬島 Akisato Ritō, 1798]











▪Given a crease pattern, can it be flat-folded?

▪Given a flat-foldable mountain-valley pattern, what is the final state?

▪Folding into arbitrary 2D/3D shape?



PROPOSITION. There is always a folding motion from 
the unfolded state to any folded state.
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PROPOSITION. There is always a folding motion from 
the unfolded state to any folded state for flat papers.



PROPOSITION. There is always a folding motion from 
the unfolded state to any folded state.



• OPEN: 
Does folding motion exist 
when the original paper 
is not flat? 



• Given a crease pattern, 
it is NP-hard to decide 
if can be flat-folded.

• Given a flat-foldable 
mountain-valley pattern, 
it is NP-hard to compute 
the flat-folded state.
[Bern-Hayes 1996]



• Not all folding motions 
are simple.



• OPEN: 
Given a 2-by-n grid with 
mountain-valley pattern, 
can it fold flat?





▪Disk of paper

▪Exactly n creases

▪Angles θ1, θ2, …, θn



A single-vertex crease pattern is flat-foldable if

(θ1+θ3+…+θn-1) – (θ2+θ4+…+θn) ∈ {0,±2π}

[Kawasaki 1989, Justin 1989]



PROOF OF Kawasaki’s THEOREM



PROOF OF Kawasaki’s THEOREM
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▪Given a 3D object, can it be unfolded into something flat?



▪Edge-unfolding ▪General-unfolding



[Bern-Demaine-Eppstein-

Kuo-Mantler-Snoeyink 2003]
[Xu 1996]



• OPEN: 
Does every convex 
polyhedron have an 
edge-unfolding?
[Albrecht Dürer 1525]

[Shephard 1975]

[Schlickenrieder 1997]



• OPEN: 
Does every convex 
polyhedron have an 
edge-unfolding?
[Albrecht Dürer 1525]

[Shephard 1975]

[Schlickenrieder 1997]





A graph G forms a convex polyhedron if and only if
G is simple, planar, and 3-connected

[Steinitz 1916]



Two combinatorially equivalent, convex polyhedral 
must be congruent

[Cauchy 1813] [Steinitz-Rademacher 1934]

[Xi-Lien 2015]





PROOF OF RIGIDITY THEOREM



CAUCHY-STEINITZ LEMMA. Any ±-labeling on the 
corners of convex polygon must have 4 alternations.



PROOF OF RIGIDITY THEOREM

C-S LEMMA. ≥4 alternations.
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Any gluing of polygons that (1) uses ≤2π angle per point 
and (2) results in a topological sphere 

must uniquely determine a convex polygon

[Alexandrov 1941]



NEXT TIME.
Behavior of closed curves 
dictates the shape of space.


