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LECTURE 5, SEPTEMBER 28, 2021



▪Homework 2 is out, due 10/4 (next Monday)

▪Is the pace and workload okay?







[ Ήρων ο Αλεξανδρεύς, 10-85 AD]

And let us now prove how to make 
a figure similar to the known plane 
figure in the given ratio by means 
of an instrument.  

We make two wheels on the same 
centre, fixed to it, and provided with 
teeth, moving on a single axle in 
the plane where is the figure we 
want to copy; and the ratio of one 
wheel to the other should be the 
given ratio …



[ Ήρων ο Αλεξανδρεύς, 10-85 AD]

[Coradi, 1914]



▪Graph with rigid bars

▪Self-intersect?
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▪Reconfiguration vs Reachability

▪Obstacles?

▪Allowing self-intersection?







There is a planar linkage whose orbit is 
a bounded portion of any algebraic curve.

“There is a planar linkage that signs your name”

[Kempe 1876] [Kapovich-Millson 2002]



▪Reconfigure 2D chain with/without self-intersection, with no obstacles?





• What are the set of 
points reachable by vn?

(Self-intersections allowed)



• What are the set of 
points reachable by vn?

(Self-intersections allowed)
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• What are the set of 
points reachable by vn?

(Self-intersections allowed)
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• When can you turn a 
polygon inside-out?

(Self-intersections allowed)



• When can you turn a 
polygon inside-out?

(Self-intersections allowed)



A polygon is invertible if and only if 
ℓ2+ℓ3 ≤ ℓ1+ℓ4+…+ℓn

[Kapovich-Millson 1995] [Lenhart-Whitesides 1995]



NECESSITY PROOF OF POLYGON-INVERTING THEOREM
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SUFFICIENCY PROOF OF POLYGON-INVERTING THEOREM
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FOOD FOR THOUGHT.
Linear-time implementation? 





• Reconfiguration?

(Self-intersections disallowed)



Opening a convex chain by increasing its internal angles
increases the distance between v0 and vn.

[Cauchy 1813] [Steinitz-Rademacher 1934] [Zaremba 1967]



• θi’ ∈ [-θi , θi ]  for all i
[O’Rourke 2001]



• Reconfiguration?

(Self-intersections disallowed)

• Observation. 
Rotation number has to
preserve; no flipping



CAUCHY-STEINITZ LEMMA. Any ±-labeling on the 
corners of convex polygon must have 4 alternations.



RECONFIG CONVEX POLYGONS
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Any two equivalent 2D chains can be reconfigured into 
each other in the plane.

[Connelly-Demaine-Rote 2003]



NEXT TIME.
Can you flat-fold this crease pattern?
When is a polyhedron unique?


