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▪Most of the figures today comes from
▪ Jeff Erickson, One-Dimensional Computational Topology

▪ Robert Ghrist, Elementary Applied Topology

▪ Keenan Crane, Discrete differential geometry: An applied introduction









▪Loop

▪Bridge
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▪Delete

▪Contract
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▪Plane graph G decomposes into
▪ Primal spanning tree T

▪ Dual spanning cotree C
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For any plane graph G,

VG – EG + FG = 2 

[Euler 1750] [Legendre 1794] [Cayley-Listing 1861]
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For any graph G embedded on surface Σ(g,r,b),

VG – EG + FG = 2 – 2g – r – b  

[Euler 1750] [Legendre 1794] [Cayley-Listing 1861]



PONDER.
Torus and Möbius band 
have the same χ?





▪χ(A∪B) = χ(A) + χ(B) - χ(A∩B)

▪Watch out for open/closed
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There is no non-vanishing continuous vector field on 
closed surfaces of non-zero Euler characteristics.

[Poincaré 1885] [Brouwer 1912]
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For any surface Σ of Euler char. χ and curvature κ,

න κ dσ = 2πχ

[Gauß 1827] [Bonnet 1848]

Σ



▪Curvature κθ(x)
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For any discrete surface Σ of Euler char. χ and angles θ,

෍ κθ(x) = 2πχ
x



TO THINK ABOUT LATER.
Can you prove Hedgehog 
Theorem using Gauss-Bonnet?
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▪Gluing a bunch of simplexes together





• Connect any two points of 
distance at most r

• Add all simplexes inside a 
clique



CHOOSE YOUR OWN ADVENTURE:
(A) applications of curves and surfaces:  Linkage and Folding, or
(B) behavior of closed curves dictates the shape of space


