
HSIEN-CHIH CHANG
LECTURE 3, SEPTEMBER 21, 2021



▪Homework 1 is due 9/27 (next Monday)
▪ Starting from Homework 1, group submission up to 2 people





▪Formally, a surface (without boundary) is

A Haussdorff 2nd-countable topological space,
that is locally homeomorphic to the plane.



▪Formally, a surface (with boundary) is

A Haussdorff 2nd-countable topological space,
that is locally homeomorphic to the plane or the half-plane.
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▪Bendable and stretchable



▪Bendable and stretchable

▪Can phase-through itself



▪Bendable and stretchable

▪Can phase-through itself

▪NOT cuttable…



▪Bendable and stretchable

▪Can phase-through itself

▪NOT cuttable…
…unless you glue it back
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▪Homeomorphism ▪Homotopy equivalence
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Every connected surface is homeomorphic to the following:
▪Sphere with g handles Σ(g, 0)

▪Sphere with r cross-caps Σ(0, r)

[Möbius 1861] [Dehn-Heegaard 1907] [Radó 1925]

(plus boundaries)



▪Triangulation Theorem
▪ Any surface can be cut into triangles

▪Refinement Theorem
▪ Any two triangulations have a common refinement

[Kerékjártó-Radó 1925]

[Moise 1977]









Exchanging two cross-caps 
for a cross-handle



Handles and cross-handles
are the same when 
cross-caps are presented



▪When cross-handles or cross-caps are presented
▪ Turn all handles and cross-handles into cross-caps

▪Otherwise, only handles exist





EXERCISE:
What is this surface?
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▪Triangulation Theorem
▪ Any surface can be cut into triangles

▪Refinement Theorem
▪ Any two triangulations have a common refinement

▪Existence of rotation system
▪ Every surface-embedded graph has a rotation system

[Kerékjártó-Radó 1925]

[Moise 1977]







For any plane graph G,

VG – EG + FG = 2 

[Euler 1750] [Legendre 1794] [Cayley-Listing 1861]



NEXT TIME.
Surface hard to visualize?  
The space is weird?


