
HSIEN-CHIH CHANG
LECTURE 2, SEPTEMBER 16, 2021



▪Homework 0 is due 9/20 (next Monday)
▪ Starting from Homework 1, collaboration up to 2 people

▪ Open-everything

▪Come to the office hour tomorrow!

▪Again, STOP me anything you have questions



▪Windq(P)

▪Discrete homotopy (vertex moves)

▪LEMMA. Windq(P) is invariant under safe vertex moves.
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THEOREM. Two polygons P and Q are homotopic in R2\q 
if and only if they have the same Windq. [Hopf 1935]
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TAKEAWAY.
Planar curve in punctured plane is described by 
#times it goes around the puncture.



REMARK. The punctured plane R2\q is different from 
the plane as spaces.





▪ ▪Generic



Can you untangle the hose 
without lifting or twisting?

(Cables magically pass 
through each other)
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▪Homotopy moves

▪Regular homotopy
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Any two regular curves are regular homotopic if 
their rotation numbers are the same.

[Whitney 1937] [Boy 1901] [Meister 1770]



▪Rotation number is invariant under regular homotopy:
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▪Turn generic curve into canonical curves ORot(C):
▪ Step 1. Shrink an arbitrary loop
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▪Turn generic curve into canonical curves ORot(C):
▪ Step 2.  Move empty loop to outside
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▪Turn generic curve into canonical curves ORot(C):
▪ Step 3.  ???
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▪Turn generic curve into canonical curves ORot(C):
▪ Step 4.  PROFIT
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TAKEAWAY.
Planar curve can be described by how many 
times its derivative winds around the origin. 
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FOOD FOR THOUGHT.
WINDq and Rot are really the same.  Why?
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PROPOSITION. Rot(C) = 2Wind (C) + Writhe(C). [Titus 1960]

[Gauss ~1823]
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▪ St(C) = 
vertex x

sgn(x) ⋅ Windx(C)

[Arnaud 1994]
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THEOREM. Some generic curves require Ω(n2) regular 
homotopy moves to untangle. [Nowik 2009]



THEOREM. Some generic curves require Ω(n2) regular 
homotopy moves to untangle. [Nowik 2009]

Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang




▪ St(C) = 
vertex x

sgn(x) ⋅ Windx(C)

Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang


Hsien-Chih Chang




COMING UP NEXT WEEK.
GOING UPWARDS, ONE-DIMENSION HIGHER.



[Seifert 1931]

[Gauss ~1823]
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