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Abstract. We present three “hard” diagrams of the unknot. They re-
quire (at least) three extra crossings before they can be simplified to the
trivial unknot diagram via Reidemeister moves in S2. Both examples
are constructed by applying previously proposed methods. The proof
of their hardness uses significant computational resources. We also de-
termine that no small “standard” example of a hard unknot diagram
requires more than one extra crossing for Reidemeister moves in S2.

1. Introduction

Hard diagrams of the unknot are closely connected to the complexity of the
unknot recognition problem. Indeed a natural approach to solve instances
of the unknot recognition problem is to untangle a given unknot diagram
by Reidemeister moves. Complicated diagrams may require an exhaustive
search in the Reidemeister graph that very quickly becomes infeasible.

As a result, such diagrams are the topic of numerous publications [5,
6, 11, 12, 15], as well as discussions by and resources provided by leading
researchers in low-dimensional topology [1, 3, 7, 14]. However, most classical
examples of hard diagrams of the unknot are, in fact, easy to handle in
practice. Moreover, constructions of more difficult examples often do not
come with a rigorous proof of their hardness [5, 12].

The purpose of this note is hence two-fold. Firstly, we provide three un-
knot diagrams together with a proof that they are significantly more difficult
to untangle than classical examples. Secondly, we survey existing literature
on hard unknots and compare the hardness of well-known examples, thereby
making claims made in, for instance, [5, Pages 41–42] and [12, Page 4–5 and
Section 9] more comparable.

We want this work to be practically usable. For this reason, we provide
Gauss codes for each of the unknot diagrams discussed in this note in Ap-
pendix A. These codes should be suitable as input for most software on knots
with at most minimal adjustments. Their current format is compatible with
Regina [2].

If you are familiar with the topic of finding difficult diagrams of the unknot,
and you are mainly interested in our examples D28, D43, and PZ78, please
skip ahead to Section 3 or Appendix A.

1.1. Basics about knots. A knot is a piecewise-linear embedding of S1 into
the three-dimensional sphere S3. A given knot K ⊂ S3 is often represented
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Figure 1. Left: signs of a crossing. Right: the 4-crossing
figure-eight knot diagram. Its Gauss code with respect to ? is
(−A)(+B)(−C)(+D)(−B)(+A)(−D)(+C).

by a diagram DK , that is, a projection of K into the 2-sphere S2.1 In such a
knot diagram, the projection must be in general position admitting at most
a finite number of double points, called crossings. Their number is denoted
by cr(Dk). At every crossing the diagram provides additional information
on which local segment of the knot goes “over” the other. In addition, a
knot diagram is usually endowed with an orientation, that is, a choice of
direction in which we run along the knot, indicated by an arrow. However,
since a choice of orientation has no effect on the hardness of a knot diagram,
diagrams in this note are non-oriented. See Figures 1, 8 and 9 for examples
of knot diagrams.

Knot diagrams can be represented purely combinatorially in various ways.
One of them is what is called the Gauss code: Giving a knot diagram with
labels at the crossings we run along the knot writing down the labels of the
crossings as we encounter them together with a sign encoding whether we
go over (+) or under (−). By construction, we see every crossing twice with
opposite signs. The Gauss code determines a knot type up to orientation.
This is sufficient for our purposes. See Figure 1 for an example.

Two knots K1 and K2 are considered equivalent if there is a continuous
deformation (an isotopy) between them respecting the embeddings ofK1 and
K2. It follows from a theorem by Reidemeister [17] that two knot diagrams
represent equivalent knots if and only if one can be transformed into the
other by a sequence of local modifications of the diagrams called Reidemeister
moves. See Figure 2 for an illustration of all three Reidemeister moves and
their inverses, and see the first two steps in Figure 3 for a version of R1 in S2
(this can be seen as taking an outermost arc of D, and dragging it over the
entire diagram by passing through ∞).

Due to Reidemeister’s theorem we can also define the Reidemeister graph
of a knot, where nodes are S2-isotopy classes of diagrams of a knot and two
nodes are connected by an arc if and only if their corresponding diagrams
are transformed into each other by a single Reidemeister move.

1Note that this definition of a knot diagram may not be considered as standard. In
many settings the target of the projection is the plane R2 rather than its one-point com-
pactification R2 ∪ {∞} = S2; this is more intuitive when drawing a diagram by hand. We
focus on knot diagrams in the 2-sphere because it is more natural from an algorithmic
point of view.
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1 if It is

Figure 2. The three types of Reidemeister moves R1, R2 and R3
together with their inverses.

The unique knot admitting a diagram with no crossings is called the un-
knot. It’s trivial 0-crossing diagram is denoted by D0. Let D be a diagram
of the unknot with cr(D) crossings. By Reidemeister’s theorem, D admits
a sequence of Reidemeister moves connecting it to the trivial diagram D0.
Naturally, in every such sequence there is an intermediate diagram with the
largest number of crossings. For typical input with few crossings this will
often be the initial diagram itself.

Fixing D, we are interested in the sequence of Reidemeister moves min-
imising this maximal crossing number. In accordance with Kauffman and
Lambropoulou [12, Page 5] we denote this maximal crossing number by
Top(D). Naturally one has Top(D) ≥ cr(D). We then say that D requires
m(D) = Top(D)− cr(D) extra crossings for it to be simplified to D0. In this
note we use m(D) as a measure of hardness for unknot diagrams. (Note that
Kauffman and Lambropoulou [12] define a different hardness measure for
unknot diagrams by R(D) = Top(D)/ cr(D), which they call recalcitrance.)

Naturally, the notion of extra crossings can be extended to diagrams of
arbitrary knots where the task is then to simplify a given diagram to one
with the minimum number of crossings.

1.2. Background on difficult unknot diagrams. This note is about dia-
grams of the unknot. Specifically, we are interested in the following question:

Question 1: Are there diagrams of the unknot D such that m(D)� 0?

This question is fundamental in algorithmic knot theory and has attracted
lots of interest: simplifying an input knot diagram comes as a very first step
in virtually every computation on knots. The increase in the size of interme-
diate diagrams, i.e., the number of extra crossings, measures the difficulty of
the search for a diagram with fewer crossings. The minimal number of Rei-
demeister moves to untangle an unknot diagram, and the maximal crossing
number of any intermediate diagram met along the way, are related.

Early exponential upper bounds on the number of Reidemeister moves
to untangle an unknot diagram [8] proved that the number of extra cross-
ings is bounded by m(D) ≤ 2c·cr(D), for a large constant c. Subsequent
work by Dynnikov [4] on arc presentations implied the existence of a super-
polynomially long sequence of Reidemeister moves on an unknot diagram D,
leading to the trivial diagram, such that the maximal number of crossings of
intermediate diagrams is bounded by a quadratic function:

Top(D) = cr(D) + m(D) ≤ (cr(D)− 1)2/2.

More recently, Lackenby proved in [13] that unknot diagrams can be sim-
plified with only polynomially many Reidemeister moves (more precisely,
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O(cr(D)11)) without ever exceeding a quadratic number of crossings; in other
words, Top(D) = O(cr(D)2).

Regarding lower bounds, Hass and Nowik exhibit an infinite family of
unknot diagrams that require at least a quadratic number of Reidemeister
moves to be untangled [9, 10]. However, these diagrams can be untangled
with a monotonically non-increasing number of crossings, hence m(D) = 0.
In fact, the “hardest” unknot diagrams discussed in the literature admit
straightforward simplifying sequences of Reidemeister moves that create only
a few extra crossings — if any at all. Moreover, given such a “hard” unknot
diagram, the exact number of Reidemeister moves required is only provided
in a small number of cases: For Reidemeister moves in the plane (and not
in S2, the setup of this article), there are claims of a 10-crossing unknot
diagram requiring two extra crossings [12] (known as the Culprit), and a 32-
crossing unknot diagram believed to require four extra crossings [5, Pages
41–42] (which we call the Freedman-He-Wang unknot). Also, an infinite
family of unknot diagrams is claimed to have unbounded recalcitrance (and
thus super-linearly many extra crossings) [12].

1.3. Our Contributions. Our contributions to Question 1 are the follow-
ing:

In Section 2 we show that several hard diagrams of the unknot are, in fact,
not very hard, when Reidemeister moves in S2 are considered. More precisely,
for most hard unknot diagrams in the literature, at most one extra crossing is
needed for them to be untangled (that is, we have m(D) ≤ 1 in these cases).
Specifically, both the Culprit from Kauffman and Lambropoulou [12] and the
Freedman-He-Wang unknot [5] only require one extra crossing. Moreover,
we raise concerns about the completeness of the proof and the correctness
of the statement about the family of unknot diagrams in [12] requiring a
super-linear number of extra crossings. See Section 2.2 for details.

In Section 3 we present three diagrams D28, D43, and PZ78 of the unknot,
and give a computer proof that m(D28) = 3, m(D43) ≥ 3, and m(PZ78) ≥ 3
even for Reidemeister moves in S2.

Finally, in Section 4 we present the approaches that led to the discov-
ery of two of our hard unknot diagrams, D28 and D43

2. We believe that
both of these approaches are suitable to construct infinite families of unknot
diagrams requiring an unbounded number of extra crossings.

Acknowledgements. The authors would like to thank Dagstuhl and the or-
ganizers of the Dagstuhl seminar 19352: “Computation in Low-Dimensional
Geometry and Topology” where this work has been initiated.

2. Current literature

2.1. Difficult unknots in the literature. Many examples of diagrams of
the unknot that are not straightforward to untangle can be found in the
literature [5, 6, 11, 12, 15, 16]. In this note we focus on the number of extra

2Our third hard unknot diagram PZ78 was discovered by simplifying the unknot dia-
gram from [16, Figure 27] and is not discussed in further detail in this article.
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crossings m(D) necessary to untangle an unknot diagram D (using Reide-
meister moves in S2, see Section 1.1 for a precise definition) as a measure of
hardness, and assess well-known examples against this measure. Note that,
while m(D) > 0 is relatively easy to establish, m(D) ≥ 2 is much harder
to verify, as the portion of the Reidemeister graph required to exhaustively
search through expands rapidly in size.

Find below a list of hard unknot diagrams D, their number of crossings,
their number of extra crossings m(D), and where they can be found in the
literature. Indefinite answers (e.g., m(D) ≥ 2) mean that the portion of
the Reidemeister graph necessary to exhaustively search through does not
fit into ∼8GB of memory. (See Appendix A for Gauss codes of each of these
knots.)

Name cr m(D) References

H 9 1 [11, Figure 4]
J 9 1 [11, Figure 4]
Culprit 10 1 [12]
Monster 10 0 [16, 3]
Goeritz 11 1 [6], cf. §4.2
Thistlethwaite 15 0 [16, Figure 9], [3]
Ochiai I 16 0 [15, Figure 1]
Tuzun-Sikora 21 0 [20, Figure 8]
Freedman-He-Wang 32 0 [5, Figure 6.1], §4.1
“Fake” Freedman-He-Wang 32 0 §4.1
Ochiai II 45 0 [15, Figure 2]
Ochiai II (reduced) 35 ≥ 2 §2
Ochiai III 67 0 [15, Figure 3]
Ochiai IV (Suzuki) 55 ≥ 2 [15, Figure 4]
Haken 141 0 [16]
PZ31 31 0 [16, Figure 12]
PZ120 120 ≥ 2 [16, Figure 27]
PZ138 138 ≥ 2 [16, Figure 14]

By Ochiai I, II, III, and IV we mean the unknot diagrams given in Figures
1, 2, 3, and 4 in [15] respectively. According to the author, the diagram given
in Figure 4 of [15] (Ochiai IV) is a slightly modified version of a diagram
originally due to Suzuki.

Note that the Monster, Thistlethwaite, Ochiai I, Tuzun-Sikora, Ochiai II,
PZ31, and Haken do not require extra crossings in order to be simplified.
Some of them often reduce to smaller diagrams that then, in turn, require
extra crossings to be simplified further:

Ochiai II reduces to a 35-crossing diagram of the unknot for which at least
two extra crossings are necessary for it to untangle. A slight modification of
Freedman-He-Wang (referred to as the “Fake” Freedman-He-Wang unknot
diagram, see Figure 19) reduces to our 28-crossing hard unknot diagram,
denoted by D28, see Section 3, with m(D28) = 3. Moreover, Goeritz reduces
to H (and, according to [12], also to the Culprit).

Example PZ120 is too large for exhaustive enumeration. Example PZ138

reduces to a 78-crossing diagram PZ78 using only two extra crossings, see
5



Section 3. The number m(PZ78) is still unknown, and hence m(PZ138) ≥ 2.
Exploring the Reidemeister graph around PZ78 reveals more unknot dia-
grams requiring at least three extra crossings to be simplified. Is this a
property of PZ78 and its position in the Reidemeister graph, or is this com-
mon for unknot diagrams of around 78 crossings? Answering this question in
a meaningful may give new insight on the problem of recognising the unknot.

2.2. Specific claims from the literature. In this section we comment on
a number of claims found in the literature with respect to the hardness of
some well-known unknot diagrams.
The Culprit: In [12] the authors make the following claim about simplifying
sequences of Reidemeister moves (in R2) starting with the Culprit: “... the
largest increase is to a diagram of 12 crossings. This is the best possible
result for this diagram”. They then go on to provide such a sequence.

When considering Reidemeister moves in the 2-sphere, the Culprit can be
transformed into the trivial unknot diagram with only one extra crossing;
see Figure 3.

 

EE

i

i
Figure 3. Untangling the Culprit with one extra crossing.

The Freedman-He-Wang unknot: In [5] the authors state that the Freedman-
He-Wang unknot “... cannot be connected to a round diagram by a family
of knot diagrams without the number of crossings increasing to at least 33”.
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Even more, they conjecture that “... from the picture it looks like a maximum
of 36 crossings must occur ” in any unknotting sequence.

When considering Reidemeister moves in the 2-sphere, there exists a se-
quence of Reidemeister moves turning Freedman’s 32-crossing unknot dia-
gram into the trivial diagram by just using one extra crossing. Moreover, all
intermediate diagrams require at most two extra crossings to be simplified
further.

However, when considering a slight modification of the Freedman-He-
Wang unknot (one that initially allows more R3 moves, which we refer to
as the “Fake” Freedman-He-Wang unknot; see Figure 19), we find a non-
increasing sequence of Reidemeister moves down to our 28-crossing unknot
diagram D28 (see Section 3), which then, in turn, needs three extra crossings
in order to be simplified to the trivial diagram. We attribute the existence of
this harder intermediate diagram to the fact that the “Fake” Freedman-He-
Wang never expanded to 33 crossings, while the original Freedman-He-Wang
diagram did.
Infinite families of unbounded recalcitrance: In [12] the authors claim that
there exist infinite families of type “generalizations of Goeritz’ unknot di-
agram” with unbounded recalcitrance (or, equivalently, a number of extra
crossings that is super-linear in the number of crossings of the initial dia-
gram). This claim is never proven. Instead, the authors argue that there
exists an infinite family of generalizations of the Goeritz unknot such that the
number of Reidemeister moves necessary to simplify these knots to the triv-
ial diagram is quadratic in the initial number of crossings. In particular, it
seems like the term recalcitrance is silently redefined to mean “minimal num-
ber of Reidemeister moves necessary to simplify to D0” divided by “number
of crossings of diagram”.

However, note that examples of unknot diagrams requiring a quadratic
number of Reidemeister moves in order to be simplified have already been
presented in [10].

3. Three examples of “hard” unknot diagrams

In this section we present three examples of hard unknot diagrams. More
specifically, we present

• a 28-crossing diagram of the unknot, D28, such that every sequence
of Reidemeister moves untangling D28 to the trivial unknot diagram
D0 requires three extra crossings (that is, we have m(D28) = 3); and
• a 43-crossing diagram of the unknot, D43, requiring at least three
extra crossings (m(D43) ≥ 3).
• a 78-crossing diagram of the unknot, PZ78, requiring at least three
extra crossings (m(PZ78) ≥ 3).

The examplesD28 andD43 were obtained by two distinct strategies. Both are
briefly described in Section 4. The example PZ78 was obtained by simplifying
a 138-crossing unknot diagram due to Petronio and Zanelatti [16, Figure 27]
by going through a 140-crossing diagram.

The proof of the claimed properties of D28, D43, and PZ78 goes by ex-
haustive enumeration in the Reidemeister graph. This is carried out using
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the knot interface of low-dimensional topology software Regina [2]. The algo-
rithm tests for all possible sequences of Reidemeister moves in the 2-sphere.
Reproducing the results using Regina is straightforward. In the case of D28

the required computing power is relatively moderate. This is different for
D43 and PZ78.

The diagram D28 is shown in Figure 8, the diagram D43 is shown in
Figure 9, and the diagram of PZ78 is shown in Figure 10, all in Appendix A.
Their Gauss codes are given in the captions of their figures.

4. Two methods to produce even “harder” unknot diagrams

4.1. Generalizing the Freedman-He-Wang unknot. Figure 20 pictures
the classical hard unknot diagram due to Freedman, He, and Wang, which
has been studied in the context of the energy minimization approach to the
unknotting problem [5]. It can be constructed and generalized with the
following procedure. For a knot K,

(1) double the knot K (along the blackboard framing) into two parallel
copies K1 and K2,

(2) cut K1 and K2 open. We now have four ends coming in two pairs.
(3) Take two mirror symmetric pairs of ends and stretch them out as

two parallel strands,
(4) take the remaining pair of ends and wrap them around those two

strands before connecting them up,
(5) mirror a second copy of this tangle and build the connect-sum in the

obvious way.
This process is illustrated in Figure 4, and Figure 20 shows the result of
the construction for the trefoil knot K. This setup essentially led to the
discovery of D28, see Section 3.

K K1 ∪K2 K1 ∪K2 K1 ∪K2

(1) (2) (3) & (4)steps:

K1 ∪K2 K1 ∪K2

(5)

Figure 4. Construction generalizing the Freedman-He-Wang un-
knot diagram from [5].
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Proving lower bounds for generalizations of this example using knots with
increasing bridge numbers is the object of ongoing work.

4.2. Generalizing the Goeritz unknot. A classical example of a hard
unknot due to Goeritz is pictured in Figure 5 on the top left. It can be
thought of as the concatenation of two inverse braids with two flypes in-
serted in between on both of its strands (see the rest of Figure 5). Undoing
these flypes requires turning the braid which can be shown experimentally
to require at least one additional crossing.

B B−1 B B−1

B−1B

Figure 5. The Goeritz unknot

We generalized this approach to braids with more strands in the braids, in
order to hopefully increase the number of additional crossings needed. The
framework pictured in Figure 7 seems promising, where ∆1 and ∆2 are the
analogues of flypes, e.g., with standard braid notation, ∆1 = σ3σ2σ1σ3σ2σ3,
see Figure 6, and ∆2 is the inverse braid. It can be readily generalized to
higher number of strands.

Figure 6. A four-strand generalization of a flype

B B−1

∆1

∆2

Figure 7. Harder unknots

This construction hinges on a good choice of a four-strand pseudo-Anosov
braid B, which can presumably not be “flipped” easily. Our approach is to
pick one that maximizes entropy per generator, i.e., the braid σ1σ−1

2 σ3σ
−1
2

(see for example Thiffeault [19]). Using the fourth power of this braid, this
leads to the discovery of D43, see Section 3 and Figure 9. Proving lower
bounds for generalizations of this example as the number of strands goes to
infinity is the object of ongoing work.
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Appendix A. Gauss codes of hard unknot diagrams

Here we give Gauss codes and planar drawings3 for all unknot diagrams
featuring in this note. We start by repeating the table from Section 2, now
including D28, D43 and PZ78.

Name cr m(D) References

D28 28 3 §3
D43 43 ≥ 3 §3
PZ78 78 ≥ 3 §3

H 9 1 [11, Figure 4]
J 9 1 [11, Figure 4]
Culprit 10 1 [12]
Monster 10 0 [16, 3]
Goeritz 11 1 [6], cf. §4.2
Thistlethwaite 15 0 [16, Figure 9], [3]
Ochiai I 16 0 [15, Figure 1]
Tuzun-Sikora 21 0 [20, Figure 8]
Freedman-He-Wang 32 0 [5, Figure 6.1], cf. §4.1
“Fake” Freedman-He-Wang 32 0 §4.1
Ochiai II 45 0 [15, Figure 2]
Ochiai II (reduced) 35 ≥ 2 §2
Ochiai III 67 0 [15, Figure 3]
Ochiai IV (Suzuki) 55 ≥ 2 [15, Figure 4]
Haken 141 0 [16]
PZ31 31 0 [16, Figure 12]
PZ120 120 ≥ 2 [16, Figure 27]
PZ138 138 2 [16, Figure 14]

3all drawings of the section are generated with SAGE [18]
12



Figure 8. A 28-crossing diagram D28 of the unknot requiring
three extra crossings.
Gauss code: 1 -4 -3 6 5 -2 -7 8 4 -5 -9 10 2 -1 -11 7 12 -13 -6 3 14
-12 -10 9 13 -14 -8 11 15 -18 -17 20 19 -16 -21 17 22 -23 -20 21 24
-15 -25 26 16 -19 -27 28 18 -24 -26 27 23 -22 -28 25

Figure 9. A 43-crossing diagram D43 of the unknot requiring at
least three extra crossings.
Gauss code: -1 2 -3 -4 -5 6 -7 8 -9 10 -11 12 -13 3 14
-15 16 -17 18 -19 20 1 -21 22 -23 24 -25 7 -26 27 -10
28 -29 13 4 30 31 -32 17 -33 34 35 -2 -36 -22 -37 -38
25 -8 39 -27 11 -40 29 41 23 37 -31 42 -16 33 -43 19
-20 -35 -14 -30 5 -6 38 -24 9 -39 26 -12 40 -28 -41 36
21 32 -42 15 -34 43 -18

13



Figure 10. A 78-crossing diagram PZ78 of the unknot obtained
from reducing 138-crossing diagram PZ138 from [16, Figure 14]
via a 140-crossing diagram.
Gauss code: 1 2 -3 -4 5 6 -7 -8 9 10 -2 -11 12 13 -14
-5 15 16 17 18 -19 -20 21 22 -6 -23 24 25 -26 -1 27 28
-29 -30 23 14 -31 -32 11 26 -33 -34 30 7 -22 -15 4 31
-13 -24 34 36 -28 -9 20 -17 37 38 35 39 -40 41 42 -43
-44 45 46 -47 -48 49 -39 -50 51 -52 -53 54 43 -55 -56
48 57 -58 -38 -61 -59 60 52 -62 -41 56 63 -46 -64 65
58 -66 -49 40 67 -51 -68 59 69 -70 -45 71 55 -42 -72
53 74 -69 -73 -37 -65 75 47 -63 -71 44 76 -74 -60 68
-77 -35 66 -57 -75 64 70 -76 -54 72 62 -67 50 77 61 73
-18 19 -10 -27 78 33 -25 -12 32 3 -16 -21 8 29 -36 -78
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Figure 11. H ([11, Fig. 4]): -1 2 -3 4 -5 -6 7 -8 9 1 -2 3
-4 -9 6 -7 8 5

Figure 12. J ([11, Fig. 4]): -1 2 -3 4 5 -6 7 1 -4 3 -2 -5 8
-9 6 -7 9 -8
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Figure 13. Culprit ([11, Figure 2, Figure 15]): -1 2 -3 4 -5 6
7 8 -9 10 -4 5 -6 3 -2 -7 -10 1 -8 9

Figure 14. Monster: 1 -2 3 4 5 -6 7 -8 9 -3 10 -1 2
-10 -4 -9 8 -5 6 -7
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Figure 15. Goeritz ([6]): 1 -2 3 -4 -5 6 -7 8 -9 -10 11
-1 2 -3 4 -11 10 7 -8 9 -6 5

Figure 16. Thistlethwaite: 1 2 -3 4 5 -6 -7 8 -9 10 -11
-5 12 -1 6 13 -10 -14 -4 15 -2 9 -8 7 -13 11 14 3 -15
-12
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Figure 17. Ochiai I ([15, Figure 1]): -1 2 3 -4 -5 -6 -7 8
-9 10 -11 -3 4 -12 13 14 -8 7 -14 -15 12 5 -2 1 -16 11
-10 9 15 -13 6 16

Figure 18. Tuzun Sikora example ([20, Figure 8]): 1 6 -7 10
11 12 -14 -15 16 -17 -18 -2 3 -4 5 7 -9 -11 17 -21 19
-20 -8 9 -10 18 21 -16 -13 14 20 -1 2 -3 4 -5 -6 8 -12
13 15 -19
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Figure 19. “Fake” Freedman-He-Wang: 1 -2 -3 -4 5 6
-7 -8 4 9 -10 -5 8 11 2 12 -13 -1 14 7 -6 -15 16 3 -11
-14 15 10 -9 -16 -12 13 17 -18 -19 -20 21 22 -23 -24
25 19 -22 -26 27 23 -28 -17 18 29 24 30 -31 -21 20 32
-30 -27 26 31 -32 -25 -29 28

Figure 20. Freedman-He-Wang ([5, Figure 6.1]): 3 4 -5 -8
10 12 -13 -15 8 7 -9 -10 15 16 -4 1 17 -20 32 31 -27
-25 22 24 -31 -29 28 27 -24 -23 20 19 -18 -17 -21 -22
25 26 -30 -32 23 21 -26 -28 29 30 -19 18 2 -3 14 13
-12 -11 6 5 -16 -14 11 9 -7 -6 -1 -2
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Figure 21. Ochiai II ([15, Figure 2]): -1 2 -3 -4 5 -6 -7
8 -9 10 -11 -12 13 -14 15 16 4 -17 6 18 -19 11 20 21
-22 -23 24 25 -26 27 -28 29 14 30 -31 -13 -25 32 -33
-34 -27 28 35 36 -37 22 38 -39 12 -40 -41 42 -16 3 -2
1 -21 -38 23 37 45 -35 34 26 -29 -15 -42 43 -18 9 -8 7
17 -5 -43 41 -44 31 -30 44 40 19 -10 -20 39 -24 -32 33
-36 -45

Figure 22. Ochiai II (reduced): 1 -2 -21 -3 4 -6 -5 7 -8
-10 9 -11 12 15 -13 14 3 5 -16 17 -18 19 10 21 22 13
23 -24 20 -12 25 -26 -27 28 -30 31 29 -32 11 -20 -15
33 2 -1 -31 30 -28 27 -33 -22 -14 34 -17 8 -7 16 6 -4
-34 -35 24 -23 35 18 -19 -9 32 -25 26 -29
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Figure 23. Ochiai III ([15, Figure 3]): 1 3 31 30 -45 -44
65 64 62 63 -56 -57 54 55 -3 -4 7 8 -10 -9 24 23 49 48
-67 -65 -42 -43 33 32 -38 -39 40 42 44 46 -48 -50 17
18 -13 -15 -52 -54 57 58 -61 -62 39 37 -34 -33 -30 -29
-27 26 -25 -24 -22 -19 -18 13 14 11 9 -7 -5 2 4 28 29
-47 -46 67 66 61 60 -59 -58 52 53 -1 -2 5 6 -12 -11 22
21 51 50 -66 -64 -40 -41 34 35 -36 -37 41 43 45 47 -49
-51 20 19 -14 -16 -53 -55 56 59 -60 -63 38 36 -35 -32
-31 -28 27 -26 25 -23 -21 -20 -17 15 16 12 10 -8 -6
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Figure 24. Ochiai IV (Suzuki, [15, Figure 4]): 1 -2 3 6
7 -8 9 -10 -11 12 8 -9 10 13 -14 -15 16 -17 -19 20 15
-16 17 -21 22 23 -24 14 25 26 27 -28 -29 -30 -13 -31
32 -33 -23 24 31 -32 33 34 -35 19 -20 -25 30 11 -12 36
37 4 -5 38 39 -40 41 29 -26 -42 43 -44 -45 46 42 -43
44 -47 -38 -48 49 -50 -51 52 48 -49 50 -37 -6 35 21
-22 -34 -7 -36 51 -52 -39 -53 45 -46 -27 28 54 -55 18
40 -41 -54 55 -18 53 47 -1 2 -3 -4 5
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Figure 25. Haken: -1 -2 3 -4 5 6 7 8 -9 -10 11 12 13
-14 15 -16 17 18 -19 20 -21 -7 22 23 24 -25 -26 -27 28
-29 30 31 -32 -33 -34 35 36 -37 -38 -39 -40 -41 42 43
-44 45 46 47 -48 -49 -50 38 -51 52 -53 -54 -55 -42 -56
57 58 -46 -59 -60 -61 -62 63 -64 -65 -66 -67 68 -35
-69 70 -71 -72 73 29 -74 -31 -75 -76 77 69 -36 -68 -78
-79 -80 64 -63 -81 -82 60 -83 -47 84 -57 -85 -43 55
-86 -87 -52 -88 37 -89 49 -90 -84 -58 -45 44 85 56 -91
-92 39 51 88 -70 -77 -93 33 -94 74 -30 -73 95 27 -96
-97 98 -23 99 -8 21 100 -101 -18 102 -103 -15 -104 105
-12 106 -107 9 -99 -22 108 -5 -109 110 2 -111 -112 113
-114 -28 -95 72 115 -116 75 32 94 117 78 -118 66 -119
120 121 83 59 10 107 -122 -123 124 103 16 125 -110 -3
126 127 -98 -24 54 86 -128 40 92 129 90 48 -121 -130
62 81 -131 104 14 132 -133 -124 -134 19 101 135 -6
-108 -127 136 137 114 -113 -138 139 -126 4 109 -135
-100 -20 140 123 133 -132 -13 -105 131 141 79 118 67
89 50 -129 91 41 128 87 53 25 97 -136 -139 111 1 -125
-17 -102 134 -140 122 -106 -11 82 61 130 -120 119 65
80 -141 -117 34 93 76 116 -115 71 26 96 -137 138 112
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Figure 26. PZ31 ([16, Figure 12]): 2 -3 4 -19 16 -21 -22
1 -20 26 -27 -29 21 -16 -17 7 -8 -13 -26 -25 28 27 14
-15 29 30 -31 -28 25 -24 23 31 -30 22 19 -18 6 9 11
-12 13 -14 15 17 18 5 -9 10 12 20 24 -23 -1 -2 3 -4 -5
-6 -7 8 -10 -11
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Figure 27. PZ120 ([16, Figure 12]): 1 2 -120 -117 -116 -115
114 113 -112 -111 -110 32 -31 -30 29 40 -39 -38 37 78
77 -92 91 90 -89 88 87 68 -66 64 53 -51 48 45 -43 -41
38 34 -33 -37 41 42 -40 -36 35 39 -42 -44 46 49 -52 54
65 -67 69 116 108 99 -101 103 111 50 -49 -48 51 52 -50
-47 44 43 -45 -46 47 110 102 -100 98 12 11 80 -85 -91
92 86 -80 -79 83 89 -90 -84 79 9 10 -93 95 -98 100 101
-99 96 -94 97 -96 -95 93 94 -97 109 117 -74 71 -69 67
66 -68 70 -73 72 -70 -71 74 73 -72 81 82 -83 84 85 -86
75 76 33 -34 -35 36 25 -26 -27 28 -102 -103 -104 105
106 -107 -108 -109 6 -8 -10 -12 -14 17 20 -22 -24 27
31 -32 -28 24 23 -25 -29 30 26 -23 -21 19 16 -13 -11
-9 -7 5 -82 -88 57 -55 -77 -75 15 -16 -17 14 13 -15
-18 21 22 -20 -19 18 -76 -78 -56 58 -53 -54 118 -113
-105 104 112 -118 -119 115 107 -106 -114 119 -65 -64
-63 60 -58 56 55 -57 59 -62 61 -59 -60 63 62 -61 -87
-81 -1 3 -5 7 8 -6 4 -2 120 -4 -3
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Figure 28. PZ138 ([16, Figure 27]): 1 -11 -12 -13 -14 34
-46 -58 70 -86 -98 -110 -122 126 -130 -134 138 -111
-99 -87 -75 27 -28 -29 30 -31 -32 -33 -34 35 -36 -37
38 -138 -137 -136 -135 115 -103 -91 79 -63 -51 -39 -27
23 -19 -15 11 -38 -50 -62 -74 122 -121 -120 119 -118
-117 -116 -115 114 -113 -112 111 -1 2 -3 8 99 -100
-101 102 103 104 105 106 107 -108 -109 110 73 61 49 37
12 -16 -20 24 28 40 52 64 80 -92 -104 116 131 132 133
134 50 -49 -48 47 46 45 44 43 42 -41 -40 39 76 88 100
112 137 -133 -129 125 121 109 97 85 69 -57 -45 33 18
17 16 15 6 -4 -2 3 5 7 19 20 21 22 32 -44 -56 68 84 96
108 120 124 -128 -132 136 113 101 89 77 51 -52 -53 54
55 56 57 58 59 -60 -61 62 130 129 128 127 117 -105 -93
81 65 53 41 29 25 -21 -17 13 36 48 60 72 98 -97 -96 95
94 93 92 91 90 -89 -88 87 9 -5 4 -6 -7 -10 75 -76 -77
78 -79 -80 -81 -82 83 -84 -85 86 -71 -59 -47 -35 14
-18 -22 26 -30 -42 -54 -66 82 -94 -106 118 -123 -124
-125 -126 74 -73 -72 71 -70 -69 -68 -67 66 -65 -64 63
-78 -90 -102 -114 135 -131 -127 123 -119 -107 -95 -83
67 -55 -43 31 -26 -25 -24 -23 10 -9 -8
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